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1. INTRODUCTION 
A smooth, non degenerate n-dimensional projective variety X c Py is pro- 
jected isomorphically from a point P E P’ to Pl’-’ if and only if P does not 
belong to the secant variety S’(X) of X. Since dim(S’(X)) 5 2n + 1, we can 
always embed X in P2n+1; we can go further and project X isomorphically in 
some Pm, m < 2n + 1 if and only if S’(X) has dimension smaller than the ex- 
pected one. The classification of varieties for which S’ (X) has dimension less 
than expected has been studied by many classical authors. Zak’s book [Zak] 
contains a comprehensive overview of the theory. 
As s increases, one expects that projecting a smooth variety X c Py to 
smaller spaces Pres-l, points of high multiplicity or rather high secant spaces 
must arise for the image X’. For instance, if a linear span x of k + 1 points of X 
contains the center of projection, then it determines a (k + 1)-secant space for 
X’ of dimension less thank. So one is led to consider the Grassmannian G(k, Y) 
of k-planes in P’, the subset Gk(X) formed by (k + 1)-secant k-planes and the 
subset Gs,k(X) of G(s,P) formed by s-planes contained in some H E Gk(X): 
these are the bad centers of projection. If Gs,k(X) coincides with the Grass- 
mannian G(s, v), then (k + 1)-secant spaces of dimension smaller than k neces- 
sarily arise in a general projection X + P’-+‘. 
In analogy with the theory of secant varieties Sk(X), one may ask about the 
expected dimension of these Grassmannians ofsecant varieties G:;k(X) and one 
may hope for a classification of varieties such that G+(X) has dimension 
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smaller than expected. These varieties are the analogue of defective varieties, in 
the classical literature. 
The study of varieties X whose Gs,k(X) are small was partly considered by 
classical geometers as a generalization of the Waring problem for forms. In- 
deed, when X is the image of a projective space under some Veronese embed- 
dings, Gs,k(X) is the natural object to look at when one tries to write a set of 
s + 1 forms as sum of powers of the same k + 1 linear forms (see [Bronowski] 
and [Terracini 21 for a discussion). 
The interesting approach of [Terracini 21 has been reviewed in [Dionisi- 
Fontanari] and promises further development on the subject. 
In [Chiantini-Coppens], a systematic study of the Grassmannians of secant 
varieties was started. The paper contains some general results on the dimen- 
sions of these spaces and a classification of irreducible surfaces X c P’, for 
which the Grassmannian of lines contained in 3-secant planes has dimension 
smaller than expected. 
In this short note, we deal with the Grassmannians of secant varieties of ir- 
reducible curves C and we show that they always have the expected dimension. 
This extends the well known classical result that all curves are not defective. 
The Proof (see Theorem 2.8) is achieved by induction on s. It consists in a 
careful analysis of the intersection of two general elements of Gk( C). If G&C) 
has dimension smaller than the expected, then this intersection turns out to be 
rather large. This is excluded by Proposition 2.2 which is, in fact, a weak variant 
of the fundamental Theorem 1.7 of [Zak]. 
2. NOTATION 
In this paper we work over the complex field C. 
Let us denote with G(k, n) the Grassmannian of k-planes in P”. We will al- 
ways identify G(0, r) with P’. 
Let C c P’ be an irreducible non degenerate curve. 
We define the secant varieties of C as: 
Gk( C) = the closure of {H : H is the span of k+ 1 independent points of C} 
Sk(C) = the closure of {P E P’ : P E H for some H E Gk(C)}. 
Since C is irreducible, then Gk( C) is irreducible, of dimension k + 1. 
Remark 2.1. It is well known (see [Chiantini-Ciliberto] for instance) that 
curves are not defective, i.e. the secant varieties Sk(C) all have the expected 
dimension min{v, 2k + 1). 
If one considers, in the incidence variety of G(k, Y) x P’, the subset: 
I(C) = {(H, P) : P E H, H is spanned by k+l independent points of C} 
then Gk(C), Sk(C) correspond to the closures of the two natural projections 
I(C) + G(k, r) and I(C) --) P’. In particular dimI = 2k + 1 and the result 
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above says that the map I(C) -+ P’ is generically finite when 2k + 1 < Y, while 
otherwise it has general fibers of dimension 2k + 1 - Y. 
Through the paper, we will study the Grassmannians of s-spaces in secant 
k-spaces to C; so let us introduce the definitions: 
Definition 2.2. We denote by G,;k(C) thefollowing subset of G(s, r): 
G+(C) = the closure of {h E G(s,r) : h C H for some H E Gk(C)}. 
These objects are the Grassmannians of secant varieties of C. Observe that 
Go;k(C) coincides with Sk(C). 
3. THE EXPECTED DIMENSION 
The elements of Gs,k( C) are contained in the Grassmannian of s-planes of some 
k-plane H E Gk(C). Thus we always have: 
dimG,,&C) I dimG(s,k) +dimGk(C) = (s+ l)(k-s) +k+ 1. 
Furthermore: 
dim Gs,k(C) 5 dim G(s, Y) = (s + l)(r - s). 
Definition 3.1. We define the expected dimension of G,;k( C) as. 
expdim(G,,JC)) = min{(s+l)(r-s),(s+l)(k-s)+k+l}. 
In this paper, we show that, in fact, the actual dimension of GS,k(C) is always 
equal to the expected one, i.e. curves are not defective in this sense. 
We will use the following remark on the intersection of linear spaces with 
general elements of Gk( C). 
Proposition 3.2. Fix an integer nsuch that r 2 n > 0. Let HO be any n-plane of P’. 
Then the general k-plane H E Gk(C) intersects HO properly, i.e. dim(H n Ho) = 
max{n+k-r,-1). 
Proof. Assume first n + k - r > 0 and assume that the claim is false for some 
n-plane HO. The projection of C from HO is, by assumptions, a non-degenerate 
irreducible curve C’ c Prpnpl. In the inverse image of k + 1 general points of 
C’ there are k + 1 general points of C, which span an element H E Gk(C). The 
original points of C’ lie in the projection of H from HO. If H n HO has dimen- 
sion bigger than n + k - r, then it follows that k + 1 general points of C’ span a 
spaceofdimensionatmostk-l-(n+k-r+l)=r-n-2.Thisisacon- 
tradiction, because k 2 r - n and k + 1 general points of C’ span the whole 
Prpnel, for C’ is non degenerate, as well as C. 
The case n i- k - r < 0 is similar. 0 
We proceed now by induction on s. The case s = 0 is well known, as we re- 
marked above. 
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Definition 3.3. Dejhe: 
&k(C) c G(k r) x G(s, r), 
tobethecZosureof{(H,h) : h c H E Gk(C)}. 
Notice that the projection L, k( C) + Gk(C) makes Ls,k(C) a bundle in G(s, h 
over Gk( C). 
Call 17, theprojection IIS : LS,k(C) + G(s, r). 
Remark 3.4. By definition, one sees immediately that: 
dim(L,k(C)) = (s + l)(k - s) + k+ 1. 
Notice that the image of the projection 17, : Ls,k --f G(s, r) dominates Gs,k( C). 
Thus Gs,k(C) has the expected dimension if and only if the projection 17, : 
L+(C) -+ G(s, r) either has finite general fibers, in the case (s + l)(r - s) 2 
(s+l)(k-s)+k+l,oritisdominant. 
Since we work by induction on s, we may assume from now on that the map 
IT-1 : L$-l,k(C) ---$ G(s - 1,r) 
is generically finite, when dim(L,-i;k(C)) 5 dim(G(s - 1, r)) and it is dominant 
otherwise. 
Lemma 3.5. Assume that Gs-l,k(C) has the expected dimension, while the di- 
mension of Gs,k( C) is smaller than the expected one. Then (s + 1)k > sr and II- 1 
is dominant. 
Proof. By Remark 3.4, the map Ll$ must have fibers of positive dimension; in 
other words, every s-plane contained in some H E Gk( C) is in fact contained in 
infinitely many elements of Gk( C). Then every h’ E G,- 1$(C) lies also in in- 
finitely many elements of GI;(C), i.e. the map Irr, _ i has positive dimensional fi- 
bers. By our assumptions and by, this can only happen when the dimension of 
L, _ 1, k(C) is greater than dim G(s - 1, r) and IT, _ i dominates. The statement 
follows. q 
Lemma 3.6. In the hypothesis of lemma 3.5 one has 2k - r 2 s - 1. Hencefor any 
H, H’ E Gk(C) one has dim(H n H’) > s - 1. 
Proof. If2k-r<s-1 thenk-s+l <r-kands(k-s+l)<s(r-k).By 
the previous Lemma, s(r -k) 5 k, hence (s - 1)k < (s - 1)s that is k < s, a 
contradiction. q 
Fix now a general k-plane Ho E Gk( C) and define the following subset K(Ho) of 
the product Gk(C) x G(s, r) x G(s - 1, r): 
K(Ho) = {(H, h, h’) : h’ c h c H E Gk(C), h c HO}. 
The natural projection of K(Ho) over the third factor maps K(Ho) to G,- i,k( C). 
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Call E the fiber of the map K(Hs) -+ G+l,k(C) over some (s - 1)-plane lzo. 
We can identify E with the set of pairs (H, h) such that H E Gk( C) and h is an 
s-plane in HO n H, containing ho. 
Consider the diagram: 
E --i KWo) + Gk(C) x G(s,Y) x G(s- 1;~) + Gk(C) 
$0, c G&7 c 
1 
G(s - 1, r) 
and callf the dimension of a general fiber of the composition E + Gk(C). 
Lemma 3.7. In the hypothesis of lemma 3.6, one has. 
f+s>2k-r. 
Proof. Notice that ho is contained in HO, thus it is contained in a (k - s)-di- 
mensional family of s-planes of HO. 
Assume first that (s + l)(k - s) + k + 1 5 (s + l)(~ - s). Then by remark, 
any s-plane of HO is contained in a family of elements H E GI;-(C) of strictly 
positive dimension. It follows that the fiber E over ho has dimension at least 
k - s + 1. The image of E -+ Gk(C) lies in the fiber over ho of the map 
II,- i : &Q(C) + G(s - 1, Y). By lemma , this fiber has dimension s(k - r)+ 
k + 1, since we are assuming that Gs-i&C) has the expected dimension. Thus 
k-$+I--f<s(k-v)+k+l and one computesf+s>s(v-k). On the 
other hand, our numerical assumption implies s(r - k) 2 2k - Y + 1 and the 
statement follows, 
The case (s + l)(k - s) + k + 1 > (s + l)(r - s) is similar but simpler. Here 
by Remark any s-plane of Ho is contained in a family of elements H E Gk( C) of 
dimension at least (s + 2)k - (s + 1)~ + 2. Hence dim(E) > (s + 3)k - (s + 1)~ 
s + 2. Combining this with the inequality dim(E) -f < s(k - r) + k + 1, the 
statement immediately follows. q 
Now we are ready to prove our main result. 
Theorem 3.8. The dimension of G,,k( C) is equal to the expected dimension 
min{(s+l)(r-s),(s+l)(k-s)+k+l}. 
Proof. Assume, by induction, that G$-i,k(C) has the expected dimension and 
suppose that the dimension of G,,k( C) is smaller than the expected one. 
Take any HO E Gk( C) and take a general H E Gk(C) such that 
dim(Ho n H) = 2k - Y. This is possible by Proposition 2.2. By Lemma 2.6, 
dim(Ho n H) > s - 1. Fix a (s - I)-plane ho E Ho n H. Clearly ho belongs to 
Gs-i;k(C) and determines a fiber E of the map K(Ho) --+ Gs-i,k(C). E maps to 
Gk( C) with fibers of dimensionf, which means that HO n H contains a family 
of s-planes through lzo of dimension at least f. It follows that the intersection 
H n HO has dimension at leastf + s. 
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By Lemma 2.7 we have then dim(H n Ho) > 2k - Y, which contradicts Pro- 
position 2.2. El 
Example 3.9. Of course one could, in principle, repeat the argument when the 
curve C is replaced by some higher dimensional variety X. 
However, even when X is a surface, the resulting numerical inequalities are 
different and do not lead to a conclusion. In fact, there are examples of surfaces 
for which some Grassmannians of secant varieties are defective. Apart from 
cones, there exists just one surface for which Gi,z(X) is defective: it is a quartic 
scroll in P5 (see [Chiantini-Coppens]). 
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